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Abstract

This paper deal with double bayes estimation of exponential distribution when prior information
exists as an initial value using progressive censored sample type Il by suggested and study properties
of two pre-test Bays shrinkage estimators. The Equations bias, bias ratio, and mean square error,
excepted sample size are derived and studied numerical, the results show that the proposed estimators
have higher relative efficiency compared with the classical Bayesian estimator.
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I.INTRODUCTION

Exponential distribution is used in a variety of
fields, including problems related to time
measurement. In the field sciences, the
exponential distribution applications included,
failure rate of electronic device, predicting how
long a machine will run before unplanned
downtime and how long until the next email
comes through your Inbox at work, etc.

A continuous random variable X has
exponential distribution if the following
probability density function (p.d.f.) as

f(x;0)=0exp(—x0) ;7 x>0,
6>0. (@))

and the cumulative density function (c.d.f) as:

f(x;0)=1—exp(—x0) ; x>0, 0>
0. 2

where 0 is the scale parameter.

Parameter estimation is essential topic in
statistical inference because it assists to
determine the complete description of life
distributions that could fit with the data. When
previously knowledge about the unknown

parameters is rare value, we use conventional
estimation approximation as maximum
likelihood method, such as moments and
uniformly  minimal  variance  unbiased
estimator, and so on. When prior knowledge
exists, it must be included in the estimation.
The Bayes estimation method is useful in this
case, in particular if that previously knowledge
about the unknown parameter 6 as a prior
distribution. When the prior information is only
available as initial value, i.e., 6 0 of 6 then we
must use it, [Thompson 1968] one of first
researcher refer to for use initial value in
estimation  procedure by made liner
combination between the classical estimator 6°
and a prior information 6 _0 .

In case, if one is not sure whether the true
value of unknown parameter 0 is close to an
initial value 6 0 or not, the procedure
suggested is to make preliminary test for the
hypothesis Ho: 6 =0 0 against H 1: 6 #60 0 If
the hypothesis Ho: 6 =0 Oaccepted then we
consider the shrinkage estimator as

KO(1-k)e,
Where 6"is estimator based the random sample
obtained through well-known estimation
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procedure and k shrinkage factor such that 0< k
<1. Otherwise, the estimator is the usual
estimator 6~ . Thus, the single stage shrunken
estimator is given as

0=
k6 + (1 —k)6,
if Hyis accepted

~

0 e.w.
©)
In many situations the sample units is costly or
difficult to obtain it therefore must use
inexpensive procedure estimation, the double
stage shrinkage estimation is good procedure to
achieve this goal.[Katti 1962] first author refer
to double stage shrinkage estimation used to
estimate the mean of normal distribution , when
the variance o2 is known, If the mean of the
first sample belongs to area R then it will be
used as estimate of p , otherwise the second

sample will be drown then pooled mean will be

1X1+MyXo

constructed — to calculate p.[Shah

mi+m;
1964] applied the method of researcher [Katti
1962] on variance of normal distribution when
the mean is unknown, according to [Arnold and
Al-Bayyati 1970,1972] attempt to weight 6o
and 0 by a constant k , if 8© €R the estimate

kB4 (1—K)B where k is a constant
specified by the experimenter according to his
belief in Oo .

Sometimes, it’s difficult take an
complete sample therefore need to obtain an
censored sample, the researcher or
experimenter needs to preserve the ages of the
units for use in posterior experiment and wants
to raise these units before failure time (R) by
using one of the most important censoring
sample is progressive censored sample to
reducing the total time and the associated cost
of testing.

Type-1l progressive censoring is one of
the censoring methods frequently used in
clinical studies, reliability and life testing,
quality control of products and industrial
experiments.  Progressive type Il censored
sample can be described as follow (see
Balakrishnan and Aggarwala (2000)). After
observing first failure, R1 units are randomly
selected and removed; after observing second

failure, R2 units are randomly selected and
removed; and likewise when the i-th failure is
observed Ri units are randomly selected and
removed; i=3, 4,... ,m. The experiment
terminates when the m-th failure is observed

and the remaining R,, =n —m — YM 1R,

The aim of this paper, it’s suggest and
study properties double stage Bayes shrinkage
estimation exponential distribution when the
prior information available as initial value.

2. proposed estimators

Assume X1:1:1 , X2:2:2 ,..., Xmim:m be a
random progressive size m from the
exponential distribution , The Joint function of
the progressive censored sample X1:1:1 |,
X2:2:2,..., Xm:m:m and expressed as

f(xl:l:l'-----;xm,m,m) =
CITE, fCrii) [1— fx:: i)k
4)

Where

C=n(n—R;—1).(n—R;,—R,—2).....(n

m-—1

i=1

[Robert, Chopin 2009 ] suggested Jeffreys’s
Theory of Probability revisited .

g(0) a/1(0) ,where I(0) is Fisher

information.

H(x1, %2, oo, X, 0) = T1121 f(x:60) g(6)
)

In this research, Jeffery’s non-informative prior

is used as a prior distribution, i.e.., g(6) =
& ,c¢ > 0. The posterior distribution of 8 can
be obtained by combining the prior distribution

and the likelihood Along with Bayes theorem.

H(x1,X3 ,..Xm ,0)
Jo H(x1,23 .. ,0)d0

(6)

T(0)xy, Xy, X)) =
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One can easy to show the posterior as follow

ym—C+19m—ce—6yi

(0 x1,%xz, o Xm) = r(m-c+1)

(")

By using the squared error loss function the
Bayes estimator is equal to the mean of
posterior distribution that is mean i.e.

s =E©) = [ 0m(0]x)do

(8)

= 7 0m(Olxy, ..., xp) dO

_ foo e ym—c+1 Qm—C exp(—yG)
“Jo F(m—-c+1)

m-c+1
_—

- F'(m-c+1)

fooo M ¢+l exp(—y0H)do

by using the transformation

q=y 0, we have 9=%

then

m-—c+1

) y ®r 4 ym-c+1 AN
Os I(m—c+1) fo (y) exp( Y y) ydq

— ym—c+1 foo m—c+1 ex (_ )id
F(m—c+1)ym—c+2 0 q p q y q

_ I'(m—c+2)
_F(m—c+1) y

Thus

ki0gs, + (1 — k1)B,
mq 9]351 + mzéBsz

mi;+my,

(9)

Assume that X has exponential distribution and
Y. x; has an gamma distribution with the

1
parameter (m, 0) , and g—has a Gamma
B

distribution with the parameter (m, (m-c+1) ).
Thus,

gm ym—le—ey

60—
(10)

m—c+1 |
0%

Theny=(8).ly1=l 731 =1~

m—c+1
n2
93

Nl =

Therefore, above a transformation one can
show the 5 has density function as
£ (Dg; 0) =

m+1

((m=c+1)0)™ ((é—lB)>

exp( (m—@c;—l)e

)

(m-1)!

; (11)

Depending on above Bayes estimator
and the density function of Bayes estimator and
by using (Arnold and Al-Bayyati) (1970-1972)
procedure to suggest the following Bayes pre-
test double stage shrinkage estimator of
exponential distribution and using progressive
censored sample as following

The first suggested double stage shrinkage
estimator ( Ogsp, ) is defined as

Ogsp,=

if Hy is accepted

e.w.

e.
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(12)

Where K the shrinkage factor is
constants such that (0 < Ky < 1) whileR is
acceptant region of test the hypothesis Hy: 0 =
0, against Hy:0 # 6, for level of
significance a.

The second suggested double stage
shrinkage estimator Oggp»

éBSDZ:
k,0gs, + (1 —k2)6,
my aBSI"'mz Os

mi+m,

(13)

Where K the shrinkage factor suggested based

on accepted of the hypothesis Hy: 6 = 6, and
against Hq:0 + 6, , i.e.

r < Z(m—Ac+1)90 <r,
Ops
Then
2(m—c+1)6,
0< (T”A;)O—r1<rz—r1< ry
Ops
Therefore
0< 2(m:c+1)90 _r_1< 1
Ops 12 T2
K2=
2(m—c+1)6, T
535 2 2
(14)

Bayes and mean square error of proposed
estimator of Oggp,

Now, the Bias estimator and mean
square error equation derived as
followed

The suggested estimated Bias éBSDll defined
as:

Bias ( 53501/9 ) =E (éBSDl - 0)

if Hy is accepteééis1

:fooo Jz [ K10psi +(1—

K1)60] f1 (0gs1) f 2(Opsz) dbgg1 dBps,

o 10 20 ~ ~ ~ ~
Jo Jrl Talesy TLTRS) (B8s1) f2 (Bs2)dOps: dBgs, —

my+m,

As utilization the same transformation :

m;—c+1)0 ~ m,—c+1)6
_(mzer)o g (mcts
M

: ~ _ (my—c+1)0
dbps1 = —F5—

_ (my—c+1)6 ~ _ (my—c+1)0

T e BT Ty

BS2

~ _ (mp—c+1)0
dbps; = ——7—

Such that R* equal to R after above the

6o

transformation i.e. R*= (14, 1;) and A = >

After simplifying

Ki(m;—c+1)6

(M —1)! {I(fzm;—1) —

BlaS gBSDl = [

I(f,my — D} +20(1 — K ){I(fz,my) —

mi(mil-c+1) _
(my+nz)(m;—-1)

I(fy,my)} + 6]

mil(mil-c+1) , ,
oo 1L (f2,my = 1) = I(f1,mq —

my(my—c+1) _
(mi+mz)(m2—1)

1} + 6]

Dby, my) — 1(F1ma)} — 6]

(my+m3)(m,—1)

(15)
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Now , the mean square error suggested

estimated ( Azsp1)
MSE (Opsp1) = E(Bpspr — 6)?

:fooo Ja [ Ki0psi +(1-

K1)60)% f1 ( 9351) f 2(Bpsz) dOggr dbgs,

+ J'OO f m,0ps1,+M,0ps, _
mi+m,

9]2 f1 ( 9551) f2 ( éBSZ)dé851 déBSZ

As utilization the same transformation :

M:%ﬁéBm: W

d fgg; = Tuo°

Nz(mz:—c+1)9=>§1352= AU
OBs2 M

d B, = TS0

And same straight for

MSE (éBSDl) =

92[ [( (my—c+1) 2)]{1(1'2, my —2) —

m;—1)(my—

2A(my—c+1)
(m1l-1)

I(fy,mq — 2)} - {I(f’z; my—1)—

[(f1,mq — D} + 22{ I(f2,mq) — [(f1, mq)} —

(m1 c+1)

2K.(1=2) {I1(fzmy—1) —

I(fy, mqy — 1)} = A{ I(f2, mq) — I(F4, m1)}] +

(1 = D)*{1(f2,m) — [(f1, m1)} +

m2(m,—c+1)? _2mi(mi—c+1)
(mi—my)(my—1)(m,—2) (mi+my)*(my—1)

m? 2mym,(2—c)?

(mi+my)®  (my+mz)*(m—1)(mp—1)

m2(m,—c+1)>? __2mi(my—c+1)
(Mmi4my)*(Mm—1)(Me—=2)  (Mmy+my)*(my—1)

2m3 (16)

(mqi+m,)?

Bayes and mean square error of proposed
estimator of Oggp,

The suggested estimated Bias §BSD1 defined as

Bias ( éBSDZ/B ) =E (gBSDZ -0 )

=) J5 [ K2 0ps + (1—
K2)00] f1(0gs1) f 2(Opsz) dOgg1 dBps,  +

o R R R F
Jo Jrl TSRS £ (Bgsy) fa (Ops2)dOgst dOpsy —

mi+m,

As utilization the same transformation :

M:$$éB51= (ml_TCH)e

d sy = T

N:(mz:—ﬁl)e:éssz = (aer)d
s> M

d gs, = G

BIaS ( gBSDZ/g) =

2(my—c+1 1 -
[—( 2 ) [ mm1 e~Mgm —
r2(my—1)! R

rll(ml c+1) f ) e~Mdm —

Tr2m—1) (m;—-1)!



6287 Journal of Positive School Psychology
ALtrry) [,.m™% e"™dm — MSE (Ogspz) =
(m,—1)!

2
2 & [..m™ 2 e"™Mdm +
r2

mi(m;—c+1) _ my(mi—c+1) ] {I (f'z;ml_

(my+mz)(mi—1)  (Mmy+my)(m,—1)

my(my—c+1)
(my+mz)(m,—1)

) —1I(f,m—1)}+

m,(m,—c+1) +{I (fz,m1) = I (f,my)} — 1

(mi+my)(m,—1)

17)

Now , the mean square error suggested
estimated ( Og5p2)

MSE (éBSDZ) = E(éBSDZ - 9)2

:fooo Jz [ K20ps1 +(1—

K2)6o) f1 ( 9351) f 2(Bps2) dOggr dbgs,

+foo f m163511+m29352 _
m;+m;,

9]2 f1 ( éBSl) f2 ( éssz)désm déBSZ

As utilization the same transformation :

Mz(ml:—ﬁl)e:éBm: fmy—er)8
OBs1 M

d By = T

N=%:§BSZ= W

d Ogg, = 2=t

N2

4(my—c+1)2A%+8(my—c+1)A%r, +A%r? 1
r2 (my—-1)! R*
8(my—c+1)A%r;+4A°r _ _

(my ATy 1 mi=2 o~Mgm 4

r2 (m;—1)! R*

r3(my—c+1)>?

-3 ,—-m
e Mdm —
r3 (m;—-1)! ’R*

mm

4(m1—c+1)2)\r1+2(m1—c+1)?\r§f
r3 (m,—1)! *
2050 [ 2(my — c+ DA+

m;—1

R* (my—1)!

-m

T1A)

e

2 | M eemgm g (my—c+
g (Ma=D)! .

D [o.m™™% emdm (1 = V)2 {1 (f2, mq) —

m2(my—c+1)>? _
(my+mz)?(my—1)(m;—2)

1 (f'l, ml)} +
2m32(my—c+1)
(my+my)?(m,—1)

m? 2mam,—(2—c)?
+ ¥ +
(my+mz)* (my4+mz)?*(my—1)(M,—2)

mé—(my—c+1)>? 2mZ—(my—c+1) m2
(My+my)*(Mp—1)(M2=2) ~ (M1+mMz)*(Ma—1) (Mg +mz)*

m2—(m;—c+1)>?
(m1+mz)2(m1—1)(m1—2)

{I (fzmi1—1) -

I (fy,my — 1)} {1 (fz, my) —

i 2mum,—(2—c) my—c+1
I (rlp ml)}'(m1+m2)2(m2—1)l (m,—-1)

1) =1 (fy,m1 — D} {I (f2,mq) — I (F1, m1)}-

m2(my—c+1)>? , _
(My+mz)%(ma—1)(mi—2) I (f2ymq)

(m +m )2

{I (fz,mq —

2m3(my—c+1)

I (f1, mq)}+ {I (fz,my) —

(ma1+my)?(m,—

I (f1,mq)}- )2 {I (fz, mq) —1 (f1, mq1)}

(m +m

(18)

3. Relative efficiency and Bais Ratio

To study the properties of the estimator

6psp, & Opsp, , With respect G, estimator we
must evaluate Mean square error for pooled
Bayes estimator .

e Mdm —

2 e™Mdm —
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Therefore, obtain Mean square error on
estimator O, as: n=5,10,15 n=5,10 ,15
c=1,2,3 K=0.1,0.2
MSE(8p) = E(Bp, —0)2 = [ [ (Bp —
S b Jofo a=0.01,0.05 2=03,0.6,09,1,
9) fl ( eBSl) f 2( HBSZ) deBSl ngSZ 13.16.19

By integration estimation , we obtain

~ 2 _ 2
MSE( HD) — 92[ mi(m;—c+1) _

(my+my)?(my—1)(m,—2)

2m2(my—c+1) m?

(my+my)?(my—1) = (my+my)?

2my;m,—(2—c)?
(my+my)*(my—1)(m,—2)

mZ—(m,—c+1)? 2m3—(my—c+1)

(my+my)?(m,—1)(m,—2) (my+my)?(my—1)

m3 1

(my+my)?

(19)

Thus ,the relative efficiency of the estimators
Opspil = B
1,2 with cosidration to 8pis given by

MSE( 6p)
MSE(0pspi) '

(20)

REE (0pspi ) = i=12

The findings indicate that the equation for the
relative efficiency of the estimators fggp; i =
1,2 with respect to the Bayesian pooled
estimator ),

We also define the bias ratio for the estimators
Ogspi as :

Bais(@BSDi |9) R

BR (Opspi ) = — = i=1,2
(21)

NUMERICAL RESULTS
As Bias ratio and the relative efficiency of

functions as (n, A, o and ¢ ) to use with it
values assumption

As using the statical program we will get the
following:

1. The proposed double Stage Shrinkage
estimator 6z, and Oz, give high
relative efficiency with respect
classical pooled Bayes estimator in
neighborhood A=1, i.e. when 8 = 6,

2. The relative efficiency of the proposed
double Stage Shrinkage of function for
both estimator 85, and fg, With
respect to classical pooled Bayes
estimator Az give highest value
increasing function with "c=3"see
Figure (1), and decreeing function of "
¢ " see Figures (2)

3. From figures (3), (4) and (9) one can
conclude that the relative efficiency of
the proposed estimator fzg; and Oz,
with respect to classical pooled Bayes
estimator Az is decreasing function
of @ and K.

4. 1t’s clear from the figures (5), (6) the
relative efficiency of the proposed

estimator fgzg, and Oz, With respect
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to classical pooled Bayes estimator
Ogs is increasing function of n; .

The relative efficiency of the proposed
estimator 8¢, and Ozg, With respect
to classical pooled Bayes estimator
Ogs is decreasing function of n, see
Figures (7) , (8)

The bias ratio of the both estimators
051 and Bgg, is reasonable in the
neighborhood of A between (0.3to 1)
off c and itis increasing when A > 1
the estimators is decreeing as shown
in Figures (10 ) while on Figures ( 11
,12,13,17 Yas K, niaga the both
estimators fgg; and fzg, of A
between (0.3 to 1.9 ) is decreeing
while appear on Figures ( 14,15 ) off
n, is increasing but as shown in
Figures (16 ) the bias ratio of the both
estimators gg; and fgzg, is
reasonable in the neighborhood of A
between (0.3t0 1.2 )off cand it is
increasing when A > 1.2 the estimators
is decreeing

The relative efficiency of the estimator
6z, With respect to classical pooled

Bayes estimator 85 better than the

relative efficiency of the estimator
Ops, for A between (0.3t0 1.3 )
while appear on Figure (18) when A >
1.3 the estimator 854, with respect to
classical pooled Bayes estimator

0y better than the relative efficiency

estimator Ozg .

14

12

10

Relative Efficiency

/\
A

===

LA —

/R
N

Figure (1) show Relative efficiency of estimator

¢ (BS1),K=0.1,0.2,c=1,2,3

Relative Efficiency

AN\

[\

/ N \ —

17 N\

) A\

//’ IS

0.3 06 09 1 13 16 19

A

Figure (2) show Relative efficiency of estimator

6 (BS2),K=0.1,02,c=1,2,3




Alaa Khlaif Jiheel

6290

Relative Efficiency
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e 11125,
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Relative Efficiency
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A

Figure (3) show Relative efficiency of estimator
6 _(BS1),K=0.1,0.2,a=0.01, 0.05

Relative Efficiency

5 e
AR

— = 0,01

— = 0,05

o/
-

Figure (4) show Relative efficiency of estimator
6_(BS2),K=0.1,0.2,a=0.01, 0.05

Figure (5) show Relative efficiency of estimator
6 (BS1),K=0.1,0.2,n1=5,10,15
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—n1=10

[\

—1=15
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Relative Efficiency
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03 06 0.9 1 13 16 19

Figure (6) show Relative efficiency of estimator
6 _(BS2),K=0.1,0.2,n1=5,10, 15
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Figure (7) show Relative efficiency of estimator
¢ (BS1),K=0.1,0.2,n2=5,10,15
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Figure (9) show Relative efficiency of estimator
6" (BS1),K=0.1,0.2
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Figure (8) show Relative efficiency of estimator

¢ (BS2),K=0.1,0.2,n2=5,10,15

Figure (10) show Bias Ratio of estimator
6 (BS1),K=0.1,c=1,2,3
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Figure (11) show Bias Ratio of estimator
¢ (BS1),K=0.1,0.2
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Figure (13) show Bias Ratio of estimator
6 (BS2),K=0.1, 0.2, n1 =5,10,15
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Figure (12) show Bias Ratio of estimator
¢ (BS1),K=0.1,0.2,n1=5,10,15
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Figure (14) show Bias Ratio of estimator
6 (BS1),K=0.1,0.2,n2 =5,10,15
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Figure (15) show Bias Ratio of estimator
6 _(BS2), K=0.1,0.2,n2 =5,10,15
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Figure (16) show Bias Ratio of estimator
6 (BS2),K=0.1,02,c=1,2,3
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N

Figure (17) show Bias Ratio of estimator
6_(BS2),K=0.1,0.2, a = 0.01, 0.05

l N\

L A\

= Ogsp1

JR—

5 /o N\
/ \

Relative Efficiency

S AN

i AN

1 /

03 06 0.9 1 13 16 19

Figure (18) show comparison between
estimates 6 (BS1), 6 (BS2)
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